Abstract A novel dynamic model for a pretwisted rotating compressor blade mounted at an arbitrary stagger angle using general shell theory and including the rotational velocity is developed to study the eigenfrequencies and damping properties of the pretwisted rotating blade. The strain-displacement relation and constitutive model based on the general (thick) shell theory are applied to bring out the strain energy of the rotating blade. Using the Hamilton's principle, the variational form of the total energy is derived in order to obtain the corresponding weak form for the numerical simulation. The model is validated by comparing to literature results and Ansys results, showing good agreement. Parametric analyses are carried out to study the influence of the rotation velocity, the stagger angle and the radius of the disk on the eigenfrequencies of the pretwisted blade. Proportional damping is included into the proposed model to investigate the influence of rotational velocity on the damping characteristics of the pretwisted rotating blade system. It is shown that, due to inertial and Coriolis effects, damping decreases as the rotation velocity increases for the lower part of the velocity range considered and either decreases or increases depending on the mode order for higher velocities. Furthermore, frequency loci veering as a result of the rotation velocity is observed. The proposed model is an efficient and accurate tool for predicting the dynamic behavior of compressor blades of arbitrary thickness, stagger angle and pretwist, potentially during the early designing stage of turbomachinery.
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Introduction
The dynamic behavior of a rotating compressor blade has been studied by numerous researchers. In the early design stage, where detailed information about specific blades is not available yet, simplified blade models are often used. The typical routine is to simplify the real compressor blade, which has complex geometrical characteristics, into a simple geometry model only depending on several important parameters, such as the aspect ratio, pretwist angle, stagger angle, radius of the rotor disk, etc. The advantage of the simplified blade is to make it possible to use analytical or semi-analytical methods to solve the problem with good accuracy and fast calculation speed.
The dynamic behavior of compressor blades is either studied in interaction with the full rotor system including the blade arrays or for a single blade. Fast and efficient simplified models of disks with blade arrays can for example be found in [1, 2] . When looking at the specific modal behavior and the influence of damping treatments models of for a single blade are of interest. The present paper focusses on the dynamic response of a single blade. Due to their simplicity, beam models have extensively been applied in the literature [3, 4, 5, 6, 7, 8, 9] to study the dynamic response of a single rotor blade. These models can capture the flexible modes along the spanwise direction and torsional modes but not the in-plane modes and the flexible modes along the chordwise direction, because the beam model is a one-dimensional model.
In [10] , thin shell theory is used to model a pretwisted rotating blade and study the influence of the rotation velocity, pretwisted angle, stagger angle etc. Leissa [11] provided a complete database of the vibration behavior of a non-rotating twisted blade. Rotating straight plates mounted at an arbitrary stagger angle are studied in [12, 13, 14, 15, 16] , where several significant design parameters are varied and both modal and transient analyses are performed. Based on the beam theory, a pretwisted rotating blade with an attached mass is studied in [17] .
Thin shell theory is used to investigate cylindrical [18] and conical [19] rotating panels with a twisted angle, where many parametric results are presented. In [20] , a thin shell theory is applied to study the dynamic characteristics of a pretwisted rotating blade, where the equations of motion are only dependent on the transverse displacement and the specific mode shape functions are designed to satisfy the first few modes in order to reduce the computational cost due to the usage of high order polynomial functions. The thick shell theory is employed in [21, 22] to study the non-rotating pretwisted plate. While in [23, 24] , the vibration of the non-rotating twisted composite blade is investigated, where a detailed description about the two-dimensional shell theory is given.
In this paper, a novel dynamic model for a pretwisted rotating compressor blade mounted at an arbitrary stagger angle using general shell theory and including the rotational velocity is proposed. According to the thick shell assumption, three displacement and two rotation angle variables are used to describe the deformation of the blade in a rotating reference system, including the effect of the rotational stiffening and Coriolis acceleration. Through the Hamilton's principle, the variation of the total energy is obtained and the corresponding equivalent weak form is used for the numerical simulations. The proposed model is validated by comparison to reference data and parametric analyses with varying pretwist angle, stagger angle and aspect ratio are performed. Moreover,the influence of rotational velocity on the eigenfrequencies and modal loss factor is studied. Frequency loci veering is observed and a clear influence of the rotational velocity on the modal damping ratios is observed, including the effect of frequency loci veering. It is shown that, due to inertial and Coriolis effects, damping decreases as the rotation velocity increases for the lower part of the velocity range considered and either decreases or increases depending on the mode order for higher velocities. This model is an efficient numerical tool to evaluate the dynamic behavior and damping value of a rotating pretwisted blade, which would be quite useful in the early stage design stage of turbomachineries.
Dynamic modeling based on thick shell theory
As shown in Fig.1 , a pretwisted blade is modeled as a cantilever twist shell, clamped to a rigid disk with a radius R , mounted with a stagger angle ϕ. The pretwist angle at the free end of the shell is denoted θ. The parameters of the twisted blade, of rectangular cross-section, are: the length of the blade along xaxis L; the width b ; the thickness h; the density ρ; the Young's modulus E; Poisson's ratio µ and the rotation velocity Ω.
Several coordinate systems are defined in this paper for dynamic modeling. The first is the XYZ -coordinate system, where the X-axis is along the spanwise direction of the blade, Y is the rotation axis and the Z-axis is perpendicular to the XY-plane following the right hand rule. The second is the x y z -coordinate system, where the origin lies in the root of the blade, the three axes are parallel to the X Y Z-axes. With rotating the x y z coordinates around the x -axis with an angle ϕ, a new coordinate system x y z is obtained with unit vectors (i, j, k). As a result, an arbitrary point on the blade can be simply expressed as r 0 = xi + yj + zk.
(
The scheme of the rotating blade model.
To describe the twisted surface of the blade, an orthogonal coordinate system x β n can be defined [10, 25] , where the β-axis is perpendicular to the x-axis and equal to y-axis at x = 0, rotating at a constant twist rateθ 0 = θ/L [rad/m], if a linear variation of the twist angle is assumed; the ζ-axis is the normal vector to the blade surface, i.e. the cross product of the x and β axes. Here, an arbitrary point on the middle surface can be written only using the x β-coordinates
Based on the theory of surfaces [26] , the first fundamental forms are written as
and the corresponding unit vectors along each orthogonal coordinate can be derived
This coordinate system can be used in thin shell theory to describe the deformation field on the blade, assuming small blade thickness [10] . However, this simplification will affect the accuracy to some extent, especially at large twist angles. Therefore, a general shell theory is applied to give a more accurate description with including the normal axis ζ, where the position vector of an arbitrary point on the pretwisted blade reads
where corresponding unit vectors are derived as
and the corresponding first fundamental forms read A = Â2 + ζ 2θ2 0 /Â 2 =ÂB and B = 1 + ζ 2θ2 0 /Â 4 . The position of an arbitrary point on the blade after deformation reads r = r + u =r 0 + ζa 3 + ua 1 + va 2 + wa 3 ,
where u, v and w are displacement components along unit vectors a 1 , a 2 and a 3 , respectively. Following the strain definition presented in [23] and considering the thick shell theory, the strain components in the local coordinate system (g 1 g 2 g 3 ) can be calculated by
After some derivations (see in Appendix A), the strain-displacement relations can be written as
where 12 = γ 12 + γ 21 .
It should be noted that the unit vectors g 1 and g 2 are not orthogonal while g 3 is orthogonal to g 1 and g 2 . Hence, the strain components derived in Eq. (9) have to be transferred to an orthogonal coordinate system. One possibility is to directly use the strain components in the local coordinate (g 1 g 2 g 3 ) as the approximate strain components in the coordinate (a 1 a 2 a 3 ), i.e.
Appr i j
≈ i j , when the thickness of the blade is small enough. This approximate method is called "Appr" mentioned in the numerical simulation section. Otherwise, the exact strain components need to be derived by using the tensor transformation law. As shown in [27, 28] , the scalar multiplication can be calculated by
where p, q and n =1,2,3; g pn is the contravariant metric tensors in which each tensor is the corresponding element of the inverse of the matrix g p · g n 3×3 and h qn = a q · g n is the covariant metric tensors (see in Appendix A). Thus, the new strain tensors can be derived by
resulting in the strain components in the coordinate system (a 1 a 2 a 3 ) as
For isotropic material the stress components can read
To include the centrifugal and Coriolis effects, the resultant velocity due to the rotation is written in the x y z coordinates as
where V x , V y and V z denote the velocity components along x, y and z-axes, respectively, reading
and
where φ = ϕ +θ 0 x and
Consequently, the resultant velocity components in the local coordinate system (a 1 a 2 a 3 ) are written
Inserting Eqs. (15)- (18) into Eq. (19) , the velocity components can be expressed as
As a result, the kinetic energy reads
Then, the centrifugal force components (surface force) along the x, y, z-axes are written
where
After projecting those force components into the (a 1 a 2 a 3 ) coordinates, the new force components in the orthogonal coordinate system read
In this paper, according to the thick shell model, the displacement components u, v and w are assumed as
where u 0 , v 0 and w 0 denote three displacement components at the middle surface and θ α and θ β as two angles rotating with in-plane local coordinates. Thus, as referring to [29] , the inward displacements in the (a 1 a 2 a 3 ) coordinates read
θ 2 β and ∆ 3 = w 0 . The potential energy can be derived as (27) where i = 1, 2, 3,
The virtual work done by the external transverse force is written as
where F w is the external harmonic force normal to the blade surface. Using Hamilton's principle in Eq. (32), the variational form of the total energy can be derived
As stated in [28] , for typical compressor blades, the twist rate and thickness are small compared to the width or length, the term (1 − ζ 2θ2 0 /Â 4 ) ≈ 1. Thus, by inserting Eqs. (14), (23), (27) and (31) into Eq. (32), the simplified variational equation reads
The integration in the coordinate ζ and eliminating the static force terms, the weak form used in the following numerical simulations is written aŝ 
where several constants are defined: If all terms associated with the ζ coordinate in Eq. (9) are removed, the model obtained is named 2D shell model in this paper and it can be seen as an enhanced thin shell model, where the rotation of the local reference system across the blade thickness is neglected (as in the thin shell theory) but the deformation variables are interpolated as given in Eq. (26) . In order to assess the influence of this simplification, in the following section the results of this 2D shell model are compared to the general shell model presented above.
In this study, the weak form derived from the variational equations, Eq. (34), is used to perform the numerical simulation. The harmonic independent variables (displacement and rotation angle) are expressed as as a sum of trial functions of x, y-coordinates
where 
G vwC /G wvC and G αβC /G βαC are four pairs of coupling terms due to the Coriolis force; K vwc /K wvc , K vuc /K uvc , K wuc /K uwc and K αβc /K βαc are four pairs of coupling terms due to the centrifugal force; and D w is the external force.
Numerical simulation
The discretization procedure is implemented by COMSOL Multiphysics ® 3.5a, where the variables are set to satisfy the geometric boundary conditions (i.e. clamped boundary conditions). For the eigenvalue calculations the force column in Eq. (36) (right hand side of the equality) is set to zero and the 2nd order ODE given is transformed to a 1st order ODE following the steps described in [14, 8] . The 1st order ODE can be written aṡ
The eigenvalues obtained by solving the eigenvalue problem associated to this 1st order differential equation can be expressed as λ k = µ k + iν k [30] , where the real part is the exponential damping factor and the imaginary part is the damped eigenfrequency. Although damping is non-proportional, the damping values are very low which allows to write the eigenvalues in the following form:
k with ξ k as the modal damping ratio and ω k the undamped eigenfrequency.
In the eigenvalue analyses for the free vibration case the external forcing term is set to zero, but the Coriolis terms are included, leading to complex eigenvalues. Several non-dimensional parameters are defined to compare with the reference results. The non-dimensional rotation velocity and eigenvalues are used as q = Ω/ω 1 (herein ω 1 is the first eigenvalue of the blade model at the non-rotation situation) and p 2 = ω 2 12(1−µ 2 )ρL 4 /Eh 2 ; the aspect ratio asl = L/b; the thickness ratio ast = L/h; the ratio of the radius to the length asr = R/L.
Validation
The general shell model is validated by comparison to the results from previous literature. The first validation study is to calculate a non-rotation blade with the variation of the twist angle. The parameters of the blade arel = 1,t = 100, θ = 30
• /60 • /90
• . A finite element model of the blade in Ansys workbench is used for comparison. The details about the models used are summarized in Table 1.  In Tables 2-4 , the first 8 eigenfrequencies are compared with results in [22] and Ansys workbench, respectively, both showing good agreements. The approximate model is also used to extract results "Appr", where the accuracy of approximate model is lower than the exact model but still gives a good agreement with reference data. In addition, results obtained from the 2D shell model are listed. For the twist angle θ = 30
• , the 2D shell model shows acceptable accuracy as shown in Table 2 ; however, as the twist angle increases, some obvious discrepancies appear in the first eight eigenfrequencies, as shown in Tables 3 and 4 . It can be seen that the 2D shell model predicts slightly higher eigenfrequencies than the reference model. This is expected, since the 2D shell model is stiffer than the general shell model because the ζ coordinate is not considered in the 2D shell model. For small twist angles, the eigenfrequencies predicted by the 2D shell model are very similar to the reference values and the prediction of the general shell model. However, as the twist angle increases the discrepancy between the eigenfrequencies predicted by the 2D model and the reference values becomes increasingly larger, while the general shell model still gives an accurate prediction of the eigenfrequencies. Therefore, the general shell theory should be used for modarate to large pretwist angles, which are often found in practice. One example is taken to show the efficiency of the general shell model: for the case of the pretwist angle θ = 60
• , the computation time of the general shell model is 4.453686 s, while the total time with Ansys is 37.565 s. The second step is to validate the eigenfrequencies of a pretwisted blade subjected to rotational velocity. The parameters of the blade arel = 2,t = 40,r = 0,
• and θ = 60 • . A convergence study of this blade mounted at ϕ = 0
• , rotating at q = 1, is plotted in Fig. 2 , where the first 8 predicted eigenfrequencies approach the reference results which are calculated by a very fine mesh of 12480 quad elements and the relative difference is around 10 -3 . Moreover, a comparison between the presented general shell model and reference data from [18] is made in Table 5 . It shows good agreement in most of results, where the first few eigenfrequencies match very well except the case ϕ = 90
• , q = 1. The maximum difference is around 1.7%, because the reference data are obtained by the thin shell theory while the presented general shell model is based on the thick shell theory. In other words, with respect to the thin shell theory, the thick shell theory has more degrees of freedom to describe the structure, which leads to a relatively flexible structure, finally resulting in decreasing the eigenfrequencies. Observing Table 5 , most eigenfrequencies predicted by the presented general shell model are lower than literature results. Reference [18] General shell Reference [18] General shell Reference [18] General shell 
Parametric analysis
The advantage of the proposed general shell model is that it is fast and easy to vary parameters, which is quite useful to investigate a number of possible blade configurations in the beginning design phase. In this section, a parametric analysis is performed to study the influence of the rotation velocity and stagger angle on the dynamic characteristics of the blade. In the following analyses, the basic parameters of the studied blade are:l = 2,t = 40,r = 1, ϕ = 30
• and θ = 60 • . A typical Campbell diagram is plotted to study the change of the blade eigenfrequencies for varying rotation velocity q = 0 5 in Fig. 3 . It is obvious that all eigenfrequencies increase when the rotation velocity increases as a result of the stiffening due to the centrifugal forces. Furthermore, frequency loci veering is observed: modes 2 and 3 exchange mode shapes around the rotation velocity q = 4.5; modes 9 and 10 exchange mode shapes at q = 3. Figure 4 shows mode shapes of modes 8, 9 and 10 at the rotation velocity from 2.5 to 4.5. It can be seen that mode 9 exchanges mode shapes with mode 10 when the rotation velocity changes from 2.5 to 3.5 and then, mode 9 exchanges mode shapes with mode 8 when the rotation velocity varies from 3.5 to 4.5.
The influence of the disk radius on the predicted eigenfrequencies is studied forr from 0 to 5. At the same rotation velocity, the larger disk radius generates a stronger centrifugal force (i.e. prestressed field) on the blade structure, which increases the stiffness of the blade, finally leading to higher eigenfrequencies. In Fig. 5 , all eigenfrequencies increase as the disk radius increases. Figure 5: The influence of the radius of the disk (r = 0, 0.5, 1, 1.5, 2, 5) on the predicted eigenfrequencies; q = 0.8,l = 2,t = 40, ϕ = 30
• and θ = 60 • .
Damping analysis
Proportional damping is introduced into the current rotating blade model through a complex Young's modulus E = E 0 (1 + iη), where i = √ −1 and η is the loss fac-tor [31, 32] . Once the complex Young's modulus is applied, the corresponding complex eigenfrequencies can be obtained by modal analysis. Thus, the modal damping ratio can be calculated by
where λ k is the kth eigenvalue; Real{ } and Imag{ } denote the real and imaginary parts of " ". A damped pretwisted blade (pretwist angle θ = 60
• ) mounted at a 30
• stagger angle is studied with the rotation velocity q = 0.5 − 6.5. Corresponding parameters are:l = 2,t = 40,r = 1 and the loss factor is set 1%. Both the modal damping ratios and exponential damping factors (η k ω) as a function of the rotation velocity are shown in Figs. 6 and 7. In Fig. 6 , it can be observed that, in general, at the first eigenfrequencies (modes 3, 4, and 6-10), the modal damping ratios decrease with increasing rotation velocity due to the combined influence of the stiffening caused by the centrifugal forces and the Coriolis forces. In order to assess the influence of the Coriolis forces on the modal damping ratios, the exponential damping factors are plotted in Fig. 7 . As seen Fig. 3 , the frequency veering loci among modes 8-10 in the rotation velocity range from 2 to 3 leads to both mode shape exchanges and loss factor exchanges. In Fig. 7 , modes 8 and 9 exchanges the modal damping ratio at q = 2 while modes 9 and 10 exchanges the modal damping ratio around q = 3. Keeping the mentioned loss factor exchange in mind, it can be seen that the exponential damping factor decreases with increasing rotational velocity in the first half of the velocity range considered. This is in agreement with the conclusions from previous work on multi-layered blades [33] . For higher rotational velocities the exponential damping factor increases for the first two modes as the rotational velocity increases and continues to decrease for the higher order modes. This result is also in agreement with the literature as well, since, as shown in [34] , as the rotational velocity increases the loss factors can decrease, increase or be constant depending on the velocity range considered. 
Conclusion
In this paper, a dynamic model of a pretwisted rotating blade based on the general shell theory is proposed to investigate the vibration behavior of the blade at an arbitrary stagger angle and rotation velocity. Using the Hamilton's principle, the equivalent weak form of the governing equation is derived. This model allows to study the dynamic behavior of a rotating pretwisted blade of arbitrary thickness, stagger angle and pretwist. The validation is performed by comparison to literature and Ansys results, showing good agreement. Moreover, the efficiency analysis demonstrates that the presented model has lower computational cost than the Ansys solver. The influence of various parameters on the predicted eigenfrequencies is studied. The Campbell diagram reveals frequency loci veering phenomena which cause mode shape exchange when varying the rotation velocity. Finally, a damped rotating blade is studied by using a proportional damping model. A clear influence of the rotational velocity on the modal damping ratios is observed, including the effect of frequency loci veering. If the modal damping ratio exchanges due to frequency loci veering are kept in mind, it can be concluded that for the lower part of the rotational velocity range considered, the modal loss factors decrease as the rotational velocity increases. At higher rotational velocities the loss factors can either increase or decrease depending on the mode order. In short, the presented general shell model is an efficient and accurate tool to predict the eigenfrequencies and damping ratio of the pretwisted rotating blade in the early design stage of compressor blades. 
• The scalar multiplication δ p q is derived as
• By using the thick shell theory, the simplified strain components can be written as ε i j = e i j + ζg i j + ζ 2 k i j and corresponding test function as ε 
